The imbibition of liquid into a capillary tube is studied both theoretically and experimentally for sufficiently long tubes where viscous resistance from the gas phase ahead of the moving front is significant. At early times, and as the length of the tube is increased, we observe a systematic deviation from classical theory that cannot be attributed to the inertia of the liquid nor entrance effects. Instead, this behaviour is rationalized by considering the viscous resistance from the gas as it is displaced by the liquid. An explicit analytical solution for a one-dimensional description of the flow is given that accounts for viscous resistance from the displaced fluid. Excellent agreement between experiment and theory is obtained.
Introduction
Capillary-driven flow through porous media, or imbibition, is relevant to numerous natural and industrial processes, including water distribution in soil, chromatography, oil recovery, and the filling of microfluidic channel networks. The first insights were developed more than a century ago by Bell & Cameron (1906) , who found that the position of the imbibing front, , is diffusive-like, advancing in time according to ∝ t 1/2 . The proportionality constant depends on the permeability of the medium and the properties of the liquid. For the case of a tube with a circular cross-section, Lucas (1918) and Washburn (1921) 
obtained (t) =
Rγ cos θ 2µ
where R is the radius of the tube, µ is the liquid viscosity, γ is the surface tension, and θ is the (advancing) contact angle. Although (1.1) has been verified experimentally by many studies over many years (e.g. LeGrand & Rense 1945; Good & Lin 1976; Fisher & Lark 1979) , it has several shortcomings. For instance, the derivation of (1.1) neglects inertia, development of the flow field, dissipation at the contact line and any entrance effects, which are all features that have been subsequently analysed (see for example Bosanquet 1923; Szekely, Neumann & Chuang 1971; Quere 1997; Kornev & Neimark 2001) . Viscous resistance from the gas that is necessarily displaced by the moving liquid is also neglected. In the present study, we show that for sufficiently † Email address for correspondence: hultmark@princeton.edu long tubes, the non-zero viscosity of the displaced fluid can lead to an appreciably lower acceleration of the imbibing front at early times. Effects of viscosity of the displaced phase have been studied extensively for twophase systems such as water injection into natural rocks for oil recovery (see for example Barenblatt, Entov & Ryzhik 1990; Gerritsen & Durlofsky 2005) . The role of the displaced phase during imbibition, on the other hand, has been considered by relatively few authors. For example, Zhmud, Tiberg & Hallstensson (2000) investigated the capillary filling of a vertical tube (i.e. capillary rise) and showed that oscillations of the front about its equilibrium height were damped by the presence of the gas. Deutsch (1979) , Pesse, Warrier & Dhir (2005) and Fazio & Iacono (2009) investigated imbibition into closed-end channels in the context of liquid penetrant testing, which is a process used to locate surface-breaking defects in non-porous materials, and identified the influence of gas entrapment on the time to fill the defects. In one of the earliest studies, Bosanquet (1923) presented an analysis including the inertia of the liquid and its effects on imbibition into an opened-end capillary, both in the presence and absence of a gas. However, Bosanquet did not analyse the regime wherein the inertia of the liquid may be neglected in favour of the viscous resistance of the gas.
While the viscosity of the gas is typically much lower than that of the liquid, the influence of the gas viscosity is expected to become important for /L µ g /µ , or equivalently, for /R Λ, where L is the tube length, µ g the gas viscosity, and
In the present study, we focus our attention on the capillary filling of long tubes having Λ 1. Moreover, we will demonstrate that the experimentally observed deviation from classical theory cannot be attributed to inertia nor entrance effects. Instead, we show that the deviation arises from the viscous resistance from the displaced (gas) phase.
Theoretical model
We consider the motion of a liquid flowing into a capillary tube owing to the Laplace pressure drop across the gas-liquid interface. An approximate onedimensional description of the flow is obtained by assuming a laminar Poiseuille flow, so that the driving force is 2πRγ cos θ, the viscous retarding force due to the liquid is 8πµ (d /dt), the instantaneous momentum of the liquid is πR 2 ρ (d /dt), the viscous retarding force due to the gas is 8πµ g (L − )(d /dt), and the instantaneous momentum of the gas is πR
Hence, the equation of motion is (neglecting gravity, compressibility, and dynamical features of the contact line)
Next, we take the limit ρ ρ g and µ µ g , relevant to most situations, so that (2.1) reduces to 2γ cos θ
We integrate (2.2) to obtain
where we have used the initial conditions = 0 and d /dt = 0 at t = 0.
Three different dynamical regimes can be distinguished for a sufficiently long tube. At early times the flow is resisted primarily by the inertia of the liquid, at intermediate times by viscous resistance from the gas, and at late times by viscous resistance from the liquid (as in classical theory). By inspection of the second term of (2.3), we find that viscous resistance from the gas exceeds that from the liquid for /R < 2Λ. By comparing the second and third terms of (2.3), we find that inertia of the liquid is important for times t t 1 , where
and where we have used (1.1) as an upper bound for the speed of the imbibing front. Likewise, we find that inertia of the gas is important for t t 2 , where t 2 = ρ g R 2 /µ g . For most cases both t 1 and t 2 are very short times (e.g. for an air-water interface, t 1 = 2.2 ms and t 2 = 0.7 ms for R = 100 µm and L = 1 m). For times much longer than t 1 and t 2 , inertia of both the gas and liquid phases may be neglected, while viscous resistance from the gas phase is retained, and (2.3) has the dimensionless solutioñ
where we define˜ = /R andt = tγ cos θ/2µ R. In fact, we note that in the original study of Bosanquet (1923) , an implicit expression for (t) was given. By truncating the solution developed in that paper and taking the limit ρ ρ g and µ µ g , we recover (2.4).
On the basis of (2.4), we observe that the viscous friction from the gas can be neglected only ift Λ 2 , or equivalently when˜ Λ, in which case we recover the classical result, given by (1.1). Unlike (1.1) which predicts an infinite speed at t = 0, (2.4) predicts a finite initial speed:
We note that the same solution (2.4) also describes imbibition between planar sheets, but with the dimensionless parameters being˜ = / h,t = tγ cos θ/6µ h, and Λ = µ g L/µ h, where 2h is the distance between the sheets.
Experimental set-up
To test our theoretical model, we performed a series of experiments with tubes of very high aspect ratio. Glass capillary tubes (Friedrich & Dimmock, Inc., NJ, USA) with inner diameter 152 ± 7 µm and lengths 0.15 m < L < 1.3 m were used in conjunction with two low-viscosity silicone oils (Dow Corning 200 Fluid, MI, USA) that perfectly wet glass (θ = 0). One end of the tube was placed horizontally onto the edge of a shallow tray. The tray was slowly filled with oil to initiate imbibition, and the process was recorded using a high-speed video camera (Vision Research, NJ, USA). The camera acquired frames at 4000 Hz, with a field of view of about 5 cm and a resolution of 13 pixels mm −1 . Table 1 lists the eight different configurations tested. The laboratory temperature was 24
• C. Correspondingly, the air had density ρ g = 1.18 kg m −3 and viscosity µ g = 1.83 × 10 −5 kg m −1 s −1 . Surface tension was measured using the pendant drop method.
A program was written in MATLAB R to track the movement of the air-liquid interface. Each image was processed by subtracting a background image, which was taken before imbibition began. Then, the image was inverted and the contrast adjusted so that the light intensity spanned the full spectrum of grey scale (16 bits). The gradient of intensity along the capillary was calculated and the position of the maximum value was taken as the front position. Figure 1 shows a typical image both before and after processing and indicates the sharp contrast that allows identification of the moving front.
Results and discussion
The experimentally observed evolution of the imbibing front for each case is shown in figure 2 . At early times, we observe a deviation from the classical law (1.1), shown by the dashed line, the magnitude of which increases with increasing tube length, or increasing Λ. Because this trend depends on the length of the tube (all other parameters are held constant), it cannot be due to the inertia of the liquid, nor entrance effects. Moreover, for the longest tube, this deviation is appreciable for all tested times, where inertia should be insignificant.
To validate the new result presented here in (2.4) the experimental data are plotted in dimensionless coordinates in figure 3 . The data collapse is excellent, which indicates that (2.4) accurately captures the evolution of the front position. Nevertheless, some small discrepancies can be seen, in particular at the shortest times, where the experimental data depart slightly from (2.4). This discrepancy might be an effect of viscous dissipation at the contact line which would tend to decrease the rate of imbibition (Quere 1997) .
Owing to the compressibility of the gas, the disturbance caused by the moving meniscus is not instantaneously felt throughout the gas phase. The time required for the disturbance to propagate to the end of the tube may be estimated as t c = L/c, where c is the speed of sound. For the longest tubes in our study, t c ≈ 4 ms, but we note that the propagation speed of acoustic waves in small capillaries can be significantly lower than the speed of sound (Parisse et al. 2009 ), which will necessarily increase t c . When the acoustic wave has reached the open end of the tube, it will be reflected back into the tube as an expansion fan, further complicating the early-time behaviour. Since compressibility effects would be noticeable for longer times in the longer tubes, we suspect that compressibility gives rise to the observed change in the slopes at early times in cases 1, 2 and 5-7, which we have circled in figure 2. We also observe that the change in the slopes occurs at nearly the same time for tubes with the same length, independent of the liquid viscosity. Moreover, the time at which the slope appears to change is roughly proportional to the tube length, further supporting our hypothesis regarding the influence of acoustic waves. Finally, it is interesting to note that the time during which the compressibility of the gas is important can be longer than the time during which the inertia of the liquid is important (at least for long tubes).
To further investigate the validity of (2.4), in figure 4 we plot the dimensionless position of the imbibing front as a function of Λ for three values oft = tγ /2µ R. We observe up to a 50% decrease in the length of the imbibition front relative to that predicted by classical theory. The results are in good agreement with the experimental data, again indicating that the dimensionless parameter Λ is significant. This result extends to any capillary network (e.g. sponges and other porous media) where a gas is evacuated during the imbibition process. We believe that recognizing possible influences of the displaced (gas) phase may be relevant to quantitative understanding of (short-time) dynamics in common problems in, for example, groundwater engineering, petroleum engineering and soil physics.
